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Abstract. In this paper we study the problem of the heat and diffusion of one substance through the pores of two
layered material of gypsum board products, which may absorb and immobilize some of the diffusing substances
with the evolution or absorption of heat. This paper proposes a thermal conductivity model for gypsum plate and
gypsum carton at high temperatures, treating gypsum as a porous material consisting of solid and pores. We shall
further assume linear dependence on both the temperature T and the moisture content in every layer
M=const+aC-bT, where C is the concentration of water vapour in the air spaces, M is the amount of moisture
absorbed by unit mass of fibre, a and b are positive constants. For two processes, the transfer of heat and
moisture, we derive the system of 4 non-stationary partial differential equations (PDEs), 2 expressing the rate of
the change of concentration of water vapour C in the air spaces and the other 2 the rate of the change of
temperature T in every layer. The approximation of the corresponding initial boundary value problem of the
system of PDEs is based on the conservative averaging method (CAM) by using special splines with hyperbolic
functions. This procedure allows reducing the 2-D heat and mass transfer initial-boundary problem described by
a system of 4 PDE:s to initial value problem for a system of 4 ordinary differential equations (ODEs) of the first
order. The results of calculations are obtained by MATLAB.

Keywords: gypsum board products, heat and diffusion distribution, conservative averaging method, special
splines, analytic and numerical solution.

1. The mathematical model

The study of heat and mass transfer through a porous media becomes much more interesting due
to its vast applications. Many mathematical models are developed for the analysis of such processes,
for example, mathematical models of moisture movement in wood, when the wood is considered as
porous media.

The study of hydrodynamic flow and heat transfer through a porous media becomes much more
interesting due to its vast applications, such as drying in porous solids and soils, drying of wood and
paper, soil mechanics, porous heat pipes, paper machines, liquid composite moulding. Many
mathematical models are developed for the analysis of such processes, for example mathematical
models of moisture movement in wood, when the wood is considered as porous media [1; 2].

This paper proposes a thermal conductivity model for gypsum at high temperatures, treating
gypsum as a porous material consisting of solid and pores. We study the heat and moisture transfer
processes in the two porous layers of gypsum material. We consider the gypsum board material with
two layered plates: gypsum plate (0.0525 m) with density 300 kg-m™ and gypsum carton plate
(0.0125 m) with density 1000 kg-m™. The gypsum plate on one border is heated with temperature
20 + 3451g(8t +1) °C, where ¢ is the time in minutes. In one layer the heat and mass transfer process
are analysed and described in [1; 2; 5; 6].

The article [4] has viewed the heating and drying process in wood. In the present article the
process of diffusion and heat transfer is consider in 1-D space domain

Q:{(x,y,z):OSxSL,—oosygoo,—oogzgoo}.

The domain Q consists of two layer medium. We will consider the non-stationary problem of the
linear diffusion theory for two layered piece-wise homogenous materials in the domain

Q. :{(x,y,z):xe(xifl,xi),ye(—OO,OO),ZG(—OO,OO)},iZL_Z,
where H, = x; — x,_, is the height of the layer Q2,,x, =0,x, =H,,x,=L=H,+H,.

We will further assume the linear dependence on both the temperature and moisture content in
every layer [1]
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M, =const+0,C, —oT,, (1

1

where Ci — the concentration of water vapour in the air spaces;
M; — the amount of moisture absorbed by unit mass of fibre;
o; and w; are constants.

We will consider the equilibrium uptake of moisture by a fibre to be related to water vapour
concentration and temperature 7; by the linear relation (1).

Consider an element of a porous material. We can derive two equations, one expressing the rate of
the change of concentration and the other - the rate of the change of temperature. The water vapour
diffusion PDEs is in the following form

0°C, ocC, oM. —
m.g.| D. Ll=m—+\1-m )p.—L:xelx.,x],i=12,t>0, 2
lgl( i ang i 8t ( l)pS at [1—1 z] ()

where D,— the diffusion coefficient for moisture in air;
m; — is the fraction of the total volume of the material occupied by air;
(1-m;) — the fraction of the porous material occupied by fibre of density p;
t — time.

The parameter g; follows from the fact that the diffusion is not along straight air channels. The
rate at which the temperature of the element changes is determined by the heat conduction through air
and fibres and the heat evolved when moisture is absorbed by fibres. The heat diffusion PDEs can be
rewritten in the following form:

oT, o°T, oM, —
c,pp— =K, “+q,p—;xelx,_,x;],i=12,t>0, 3)
Pior o WPy !

where ¢; — the specific heat of the fibres;
K;, p; — the heat conductivity and the density of the porous material;
g; — the heat evolved when the water vapour is absorbed by the fibres.
We assume that all coefficients in the PDEs are assumed constant and independent of the
moisture concentration and temperature.
By eliminating M; from (1), we get the system of four PDEs

DT ale (x,0) _ o7, (x,t) _ oC,(x,t) DI 62T21(x,t) _ o7, (x,t) _y 0C, (x,t)
oot ot a7 & ot Pooa @
c0°C(x,t) OC (x,t) , OT\(x,t) o 0°Cy(x,t) 0C,(x,t) , OT,(x,1)

D, = -4 , Dj = -1, ,

Ox ot ot ox ot Ot
where DT = L DE = D;mg, v %
pi(c; +q,0,) m; +(1—m;)p o, ¢ t4,0
1-m)o.
;= d=m)o, p, A,v, <1 are constant coefficients.
m,+(-m,)p, o,
For the initial condition for t = 0 we give
T,(x,0)=T,(x0) =T, C,(x,00=C,(x,0)=C,, 5)

where Ty, Cy — known constants.

We use the following boundary and continuous conditions:
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pr LD
ox

a,(T,(0,t)~T,)=0, Df

oC, (0,1
%_aC(CI(O’t)_Ca): 0’

C,(L,t)=C,,T,(L,t) =T, +T,(1),

d ! ©)
T, (x,,t) =T,(x,,1), DIT M — DZT M’
ox Ox
Cl(xl,t) = CZ(xl,t), ch acl(xl’t) _ DZC acz(xl,t) ,
Ox ox

where ar, ac — the constant mass transfer coefficients;
T(t) = 3451g(8t +1);
t — time in minutes;
T, T, C,, C,— the given constants of temperature and concentration on the boundary.

2. CAM with integral hyperbolic splines in two layers
The method of conservative averaging by using the special integral splines with hyperbolic
trigonometrical functions is openly discussed in papers [8]. We consider the following model problem

r 0T,(0,1) oC,(0,1)
o ox - ox -

aT(Tl(O’t)_Ta):O’ ch OCC(CI(O,I)—CQ)ZO,

00, (0,
D, %” 0, (0,0.0-0,)=0, 0, (L)) = 0 (1), Q(x0) = O, (x 0 = 0y (T)

0,(x,,1) = 0,(x,,1), D, 90, (x,,1) _ D, 8Q2(x1,t)’
ox o

where Q= (T, O), T.(t) =T, + T(1), C.(¢) = C,.

CAM procedure allows reduce the problem to initial problems for the system of ODEs. Using the
averaged method with respect to x we have

0.5H, sinh(a, (x —X;,))
sinh(0.5a,H ;)

Q,~(x,t)= in(t)+ m, (1) cosh(a, (x — X, ))_Aij,

+e.(t
/¢ )( 8sinh*(0.25a,H,)

sinh(0.5a.H;) .
— L 2 i =1;2.
0.5a;H;
We can see, if parameters a; > 0, a, > 0 tend to zero, the limit is the integral parabolic spline
(Buikis [7]).
The unknown functions m(¢), et) can be determined from conditions (7):
1) for x=0 Dy(md, —ek,)-alQ,, —mH,/2+eb,—Q,)=0
2)for x=L Q,, +0.5myH, +e,b,, =0.(t)
3) for x=x; Oy, +0.5mH, +eb, =0,, —0.5myH, +e,b,,, D, (mldl + elkl) = Dz(mzdz - ezkz),
where d, =0.5H,a, coth(0.5a,H,),
k. =0.25a; coth(0.25a,H,)
_cosh(0.5¢,H,) — A,
“ " 8sinh*(0.254,H,
i=12.
Therefore, we obtain in a similarly way [4] the unknown functions m(t), e;(t), i = 1; 2.
From (7) follows the system of ODEs:

where Q, (t) = Hl.’lri Ql.(x,t)dx, X = (xi_l +xl~)/2, xelx_,x1, A =
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00,, (1)
ot

d
, 2D,k,e,(t)/H, = %, 0,0)=0,,00)=0, )

{2le1el (t)/H, =

or from (4)

Tlv =G, (blTlTlv + bszTZV + flT +p () +v, (blclclv + b1C2C2v + flc ))>

Ty, = G, (bLT,, + LT, + £7 + py (0 + v, (b5C,, +b5Cy, + £))

Clv = Gl (blcl‘CIV + bICZCZV + flC + /11 (blTlT'lv + bIY;TZV + flT + pl (t)))7 (9)

Cy, =G, (bSC,, +DEC,, + £€ + A (DL, +BLT,, + £1 + py(0)))
1,,0)=T,0)=T,C, 0)=C, (0)=C,,

where ij, bfj, fiT, p; (1), fl.C are known from [4], G, = L, j=1:2.

(1 Ny )
We rewrite the system of ODEs (11) in the following vector form:

W)= AW @)+ F + P(t), W) =W,, (10)

where W (1),W,, F, F, are the 4-order vector-columns with elements
(T'lv(t)’TZV(t)’Clv(t)’CZV(t))’(TO’T()’CO’CO)’ (F1’F2’F3’F4)7 (P1’P2’P3’P4>’
Fy = Gl(flT +V1flc)’F2 = Gz(sz +V2fzc)’F3 = G1(/11f1T +f1c>’
Fo=GLfl +f5). RO=Gp0). PO=Gp,0). P1)=Gap0).
P,(t)=G,4,p, (1),
A is the 4-order matrix:
Gb), Gb), G1V1bﬁ G1V1b1€
szle szsz G2V2b2C1 szzbzcz
Glﬂ’lblTl Glﬂ1b1Tz G1b1C1 G1b1cz
Gz/lzb; Gz/izszz szzc1 szzcz

The averaged solution is
W () =W, (1) + W, (0).
where W, (1) = exp(An)W, — (E - exp(At))A_lF are the analytical solutions of the
ODE:s system
W, (t) = AW, (t) + F, W,(0) = W,.
Splitting the vector P(¢) in the form P(r) = g(1)B,, Py =(G,,G,,G;4;,G,4,) the solution of the

ODEs systemW, (1) = AW, (1) + g(1)Py, W>(0) =0, g(t)=T,(t) = 3451g(8t + 1) we can obtain using the
spectral decomposition of the matrix A:

A=VDV,, V.=V~ W,(t) =VR(t), R(t) = DR(t) + g(¢)V,P,,R(0) =0,

R(t) = 1(tW;F,. 1) = [exp(D(e - 7))g (r)dr .

where D — the diagonal matrix with negative discrete eigenvalues —k;,i = 1,_4 ,
V — the matrix of eigenvectors in the column, R(¢) is the column-vector.

If g(r) =In(8¢ +1) then
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I,()= _[(:exp(k,. (t—17))g(r)dr =

= 1 (1B + 1)+ expl- (¢ + 1/8)|k,|NE, (k| /8)— E, (k|(1+1/8)))).

i

where E,(q) — the integral exponential ([9], formula 3.352-3 in 325.p).
The solution W(#) can be obtained also with Matlab solver “odel5s”.

3. Some numerical results
The results of calculations are obtained by MATLAB. We use the discrete values:

xj=jh, j=0,N,NH =L=0.065m, H, = 0.0525m, H, =0.0125m, t, =nt,

n=0,N,,Nt=1=1000s, N,=50,T,=20°C, C,=2°C, T,=20°C,
T,=20+3451g8r+1)°C, C,=2°C, C,=0°C.

We use the following parameters in each layer (such as the value of the parameter p in the first
layer is 300, and the second layer is 1000):

3

k
p=[300.10001~5 K:[0.4;O.8]LO, D=[0.1-10";0.80-10"] 5
m m- C

. 5=[0.8,04],
S

w=[08;1.0], g =[1;1], ¢=[0.8;0.9], m=[0.7;0.9], p =[800;700]i, a=[0.0L0.1], p, =1.
m

The results of calculation are represented in Table 1 and Figs. (1-8), where T),, T3, are the
averaging values for temperature in layers, #, the final time in sec. The parameters a; = 20,a, =10 are

obtained for minimal value of maximal error for averaging values.

Table 1
The values of tf, T(O,tf) T(Hl,tf), T(Hl,tf), Tlv(tf), Tzv(tf), maxC(x,tf)

tr | T(04p |T(H ) | T(Ltp) | Ti(tp) | To(8p) maxC(x,ty)
300 614 | 2476 | 5764 | 1224 | 405.6 0.55
350 842 | 272.8 | 5989 | 146.5 | 430.1 0.41
400 1072 | 296.6 | 618.6 | 1704 | 4524 0.31
450 130.2 | 3194 | 6359 | 1939 | 4728 0.24
500 1529 | 341.1 | 651.5 | 216.8 | 491.8 0.22
550 1752 | 361.8 | 665.6 | 239.2 | 509.5 0.19
600 1969 | 381.7 | 6784 | 260.9 | 526.1 0.16
650 218.1 | 400.7 | 690.3 | 281.9 | 541.7 0.13
700 238.7 | 4189 | 701.3 | 302.3 | 556.5 0.10
MaxT=651.4793

Concentration depends on t

700 : : 25 ‘ ‘
600+ :5 i *  2.layer
4 2 |
¥ O
500+ &
e
N e
O, 400 b
= &
300 ?ﬁ%@?ﬁ
0.02 0.04 0.06 0.08
Ximl t[min]
Fig. 1. Temperature depending Fig. 2. Averaging concentration depending
on xfor ¢, =500 s on ¢ for £, =500 s
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Fig. 3. Averaging temperature depending
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Concentration depends on t
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Fig. 6. Averaging concentration depending
on ¢ fort;=300s
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Fig. 8. Concentration depending
on x for ;=300 s

For the numerical experiment we use also backward orientation: for gypsum plate H, = 0.0525 m
with density p, = 300 kg-m™ gypsum carton plate H, = 0.0125 m with density p; = 1000 kg-m”, and

74

K =[0.8,0.4]——, D= [0.8.10‘6;0.1.10‘6]%, o =[0.4;0.8],
m-C s
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w=[1.0;0.8], g =[L;1], ¢ =[0.9;0.8], m =[0.9;0.7], cp= [700;800]i, a=[0.1;0.01], p, =1.
m

The results of calculation are represented in Table 2 and Fig. (9). The distribution of temperature
is nearly linear, the temperature increase in x =0 and the averaging temperature decrease in second

layer.
Table 2
The values of tf, T(O,tf) T(Hl,tf), T(H],tf), T]v(tf), Tzv(tf)
I Tty | TWHt) | Tty | Tultp | Tyt
300 76.9 141.6 576.4 99.50 309.1
350 114.2 182.7 598.9 138.8 345.0
400 151.2 2219 618.6 177.2 378.0
450 186.9 259.1 635.9 234.1 408.5
500 220.9 293.9 651.5 249.0 436.7
550 252.9 326.5 665.6 281.8 462.7
600 282.9 356.8 678.4 312.6 486.8
650 311.0 385.1 690.3 341.2 509.1
700 337.2 4113 701.3 367.9 529.8
MaxT=651.4793
700 ‘
600+ ) s;?}%
Xif‘rﬁ‘?*
— 5001 &{;ﬁ”
O 2
= o
" 400/ ﬁ@ ;
300 g e%?%"’??%
Ja
200 ‘ ‘ ‘
0 0.02 0.04 0.06 0.08
x[m]
Fig. 9. Backward temperature depending
on x for £,=300 s
4. Conclusions
1. For the transfer of heat in porous layer is considered the system of 4 PDEs for determination the

concentration C of water vapour in the air spaces and the temperature T .

2. The approximation of the corresponding initial boundary value problem of the system of PDEs is
based on the conservative averaging method (CAM).

3. CAM is used with new hyperbolic type splines. For these splines the best parameter for minimal
error is calculated. This method can be used for solution of multi dimension 3D problem of PDE:s.

4. The problem of the system of PDEs with constant coefficients is approximated on the initial value
problem of the system of ODEs of the first order, where it is solved analytically and with Matlab
solvers.

5. Such a procedure allows us to obtain a simple engineering algorithm for solving mass transfer
equations for different substances in layered domain.

6. The results of the numerical experiments can give some new physical conclusions about the
drying process in porous material.
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